A new static and azimuthally symmetric magnetic monopolelike object, which looks like a Dirac monopole when seen from far away but smoothly changes to a dipole near the monopole position and vanishes at the origin, is discussed. This monopolelike object is inspired by an analysis of an exactly solvable model of Berry's phase in the parameter space. A salient feature of the monopolelike potential A k (r, θ) is that the geometrical center of the monopole configuration and the origin of the Dirac string are displaced in the coordinate space. The smooth topology change from a monopole to a dipole takes place if the Dirac string, when coupled to the electron, becomes unobservable by satisfying the Dirac quantization condition. The electric charge is then quantized even if the monopole changes to a dipole near the origin. In the transitional region from a monopole to a dipole, a half-monopole appears and the Dirac string which, depending on the charge quantization condition, becomes observable analogously to the Aharonov-Bohm phase of an electron for the magnetic flux generated by the superconducting current of the Cooper pair.
Introduction
The magnetic monopole has a long history starting with the proposal of Dirac [1] and among the past works, the mathematical clarification by Wu and Yang [2] is important for an analysis of a new monopolelike object in the present paper. We have recently encountered an interesting monopolelike object [3] in the analysis of an exactly solvable model [4] of Berry's phase [5, 6, 7] . The monopolelike object associated with Berry's phase is defined in the parameter space but here we shall discuss a translation of the monopolelike object to the one in the real space. This monopolelike object shows several novel properties. A notable feature of the new magnetic monopolelike potential A k (r, θ) with a magnetic charge e M is that the geometrical center of the monopole configuration and the origin of the Dirac string, which appears when the net outgoing flux is nonvanishing, are displaced in the coordinate space. We discuss the smooth topology change from a monopolelike configuration to a dipole configuration, or the other way around, by combining this displacement with Gauss' theorem S (∇ × A) · d S = V ∇ · (∇ × A)dV = 0 for a volume V which is free of singularities. Gauss' theorem shows that the monopolelike configuration combined with the Dirac string is essentially a dipole. The smooth topology change from a dipole to a monopole then takes place when one regards the Dirac string as unobservable if the Dirac string satisfies the Wu-Yang gauge invariance condition or equivalently Dirac's quantization condition when coupled to the electron. The quantization of the electric charge takes place even if the monopole changes to a dipole near the origin. In the transitional region from a dipole to a monopole, a half-monopole with a magnetic charge e M /2 appears and the Dirac string, depending on the charge quantization condition, becomes observable analogously to the measurement of the Aharonov-Bohm phase [8] of an electron for the magnetic flux generated by a superconducting current of the Cooper pair [9] . To our knowledge, no previous analysis of this class of deformation of the Dirac monopole in the real space has been performed.
A new static monopolelike potential
We discuss a new static and azimuthally symmetric magnetic monopolelike potential defined by
and A θ = A r = 0 with a magnetic charge e M . This is a translation of a monopolelike object associated with Berry's phase in the parameter space [3] to the one in the real space. The variable Θ(θ, η) is defined by
where α(θ, η) is defined by the relation tan α(θ, η) = sin θ η + cos θ
with η = r a .
(4)
Note that α(θ, η) = 0 gives the conventional Dirac monopole. The constant a is a free parameter with the dimensions of length which sets the scale of the monopolelike object. This constant a replaces the period parameter in Berry's phase [3] and leads to a very different physical interpretation of the monopolelike potential. To be precise, a is treated as a constant parameter in the present paper, while a being the inverse of the period is a dynamical variable in Berry's phase. Thus the important notions of adiabatic and nonadiabatic movements in Berry's phase do not appear in the present model. The magnetic charge e M , which is quantized to be 2π in Berry's phase [3] , is chosen as a free parameter at this moment and later quantized in combination with the electron charge by the Dirac quantization condition. Because of these differences, we reproduce the mathematical analysis of the model defined by (1), (2), (3) and (4) below in the hope that it may interest the wider audience who are familiar with the conventional Dirac monopole, although the mathematical structure (with associated figures) is almost the same as in the exact solution of Berry's phase [3] . The conditions (2) and (3), which may look rather ad hoc in the context of a monopole, automatically appear in the context of Berry's phase and describe the deformation of the monopole leading to the smooth topology change from a monopole to a dipole in the monopolelike potential [3] . We start with the analysis of the parameter α(θ, η). In Fig.1 , we show the relation between θ and tan α(θ, η) for the case 0 ≤ η < 1 given by (3) . For this parameter range, we have a singularity at cos θ 0 = −η in the denominator of (3).
But this does not give rise to a singular relation between α(θ, η) and θ; one can confirm ∂α(θ, η) ∂θ = 1 + η cos θ (η + cos θ) 2 + sin 2 θ (5) and thus
for cos θ 0 = −η. For the parameter range η ≥ 1, the relation (3) is smooth. For η = 1, we have an exact relation α(θ, η = 1) = θ/2.
For other parameter values, we have
In the following analysis, it will be shown that the value of η = r/a in (4) plays a central role to specify topology. The parameter domain η > 1 implies the existence of a monopole configuration, to be precise, both the Dirac string and the net outgoing flux appear. The domain 0 ≤ η < 1 implies the appearance of a dipole configuration (and the disappearance of a monopole configuration), namely, neither Dirac string nor net outgoing flux appear.
In the analysis of topology change, the transition from η > 1 to η < 1 through the critical value η = 1 is important. In Fig.2 , we thus show the relation between α(θ, η) and θ at the transition region near η = 1 given by (3) . For the parameters η = 1 ± ǫ with a small positive ǫ, the value α(θ, η) departs from the common value 1 2 θ assumed at around θ = 0 and splits into two branches for the values of the parameter θ close to θ = π. We have α(π, η) = 0 for η = 1 + ǫ and α(π, η) = π for η = 1 − ǫ, respectively, with the slopes
for η = 1 ± ǫ, respectively, using (5) . We thus observe the singular jump for a small value of ǫ characteristic to the topology change in terms of α(θ, η) at η = 1. When one defines Θ(θ, η) = θ − α(θ, η) as in (2), we have Θ(0, η) = 0 and Θ(π, η) = π, π/2, 0 (10) respectively, for η > 1, η = 1, and η < 1. We also have
for η < 1 using (6). In Fig.3 , we show the relation between θ and Θ(θ, η). We have thus specified the monopolelike potential (1). The variable Θ(θ, η) describes the essence of the topology and topology change of the present magnetic monopolelike potential. The topology change is seen in the change of Θ(π, η) = π for η > 1 to Θ(π, η) = 0 for η < 1 in Fig.3 . But we have a well-defined exact potential at the boundary η = 1
for θ = π. We also note that the Dirac string which corresponds to the singularity of the potential (1) can appear at θ = 0 or θ = π; but no singularity at θ = 0 since Θ(0, η) = 0, and the possible Dirac string appears at θ = π for Θ(π, η) = π (for η > 1) or Θ(π, η) = π/2 (for η = 1) but no string for Θ(π, η) = 0 (for η < 1).
Using the potential (1) and A θ = A r = 0, we have the magnetic flux in the space r = r(sin θ cos ϕ, sin θ sin ϕ, cos θ)
where Θ ′ (θ, η) = ∂Θ(θ,η) ∂θ , e r = r/r and e θ is a unit vector in the direction θ in the spherical coordinates. By recalling η = r/a, we have
where we used Θ(θ, η) = θ − α(θ, η) and (3), and thus
Note that we have the standard monopole in (13)
for Θ(θ, η) = θ which is realized for η ≫ 1.
As for the integrated net outgoing flux from a sphere centered at r = 0, avoiding the singular point θ = π, we have θ =π
which agrees with Stokes' theorem applied to (1) near the south pole (θ = π).
We now illustrate the typical topological configurations from the point of view of the outgoing flux using (17). In the domain η = r/a > 1 we have Θ(π, η) = π (see Fig.3 ) and thus the integrated flux
In the transitional domain η = r/a = 1, we have Θ(π, η) = 1 2 π, and the integrated flux is given by
In the domain, η = r/a < 1, we have Θ(π, η) = 0 and thus θ =π
namely, the monopolelike object disappears. We thus recognize three distinct topological configurations. It is important that both singular behaviors (9) and the Dirac string appear at θ = π. In other words, our monopolelike potential is regular for θ = π.
Smooth topology change and charge quantization
We have useful information about the topology change from Gauss' theorem which states that
using the formula of vector analysis ∇ · (∇ × A) = 0 valid for the domain in which A is regular. Here the volume V is defined by excluding a thin tube covering the Dirac string, which is shown in Fig.4 , and S stands for the surface of this volume V for a fixed value of r. Note that there is no singularity inside the volume V . The Dirac string originates at z = −a on the negative z-axis corresponding to η = r/a = 1.
Recall that no Dirac string appears for η < 1 since Θ(0, η) = Θ(π, η) = 0 as in Fig.3 and thus no singularity in (1) at both θ = 0 and θ = π. The discrepancy of (17) and (21) is attributed to the contribution of the Dirac string. It is useful to confirm Gauss' theorem (21) for η > 1. The first term in (13) determines the contribution from the outer surface in Fig.4 Sout
using the result in (17). The second term in (13) describes a contribution of the cylinder part of the thin tube surrounding the Dirac string in Fig.4 (
using the surface element dS θ = drr sin θdϕe θ (24) and Θ(θ, η = 1) = 1 2 θ. As for the contribution of a small cap around the origin of the Dirac string in Fig.4 , we "blow it up" to a full surface without encountering a singularity. The picture is then analogous to the outer surface in Fig.5b discussed below, but the inside of the sphere is outside the volume V , and thus the contribution from the blown-up sphere is given by
from (17) (but with a free value of θ without fixing it at θ = π for the moment) using Θ(θ, η) = 1 2 θ for η = 1. The sum of (23) and (25) gives
which gives −e M when one sets θ = π for η > 1 and cancels the contribution from the outer surface (22) in Fig.4 , in agreement with Gauss' theorem (21). More formally, Stokes' theorem states in the domain η > 1 using (17)
for an infinitesimally small circle C surrounding the Dirac string in Fig.4 . This flux is regarded, depending on the choice of S ′ , either as the flux flowing out of the volume V indicated by (17) or the flux flowing into the volume V through the Dirac string by recalling the fact that no singularity exists inside the volume V in Fig.4 . The surface S on the left-hand side of Gauss' theorem (21) does not cover the singularity and in this sense topologically trivial. The Gauss' theorem (21) is valid for a smooth decrease of r starting with Fig.5a to Fig.5b and then to Fig.5c . We shall argue that the origin of the smooth topology change in the present monopolelike potential resides in this trivial topology for all the configurations. Using the second expression in (17)
and the movement of Θ(θ, η) in Fig.3 , we show the schematic pictures with varying r in Fig.5a∼ 5c. Both the Dirac monopolelike flux and the Dirac string indicated by a wavy line are seen when observed at r > a in Fig.5a . One has the transitional domain at r = a in Fig.5b where both the out-going flux from an outer sphere and a small half-sphere covering the origin of the Dirac string are still seen, although half of the strength of those in Fig.5a . See (19) . No net outgoing flux and no Dirac string are observed when one comes closer to the monopole position r < a in Fig.5c , which indicates that the flux is coming from a dipole. The inward flux in Fig.5c arises from the negative signature of Θ ′ (θ, η) = ∂Θ(θ, η) ∂θ < 0 (29) in (28) for η < 1 and θ 0 < θ. See Fig.3 . From a point of view of the net outgoing flux, we thus see the full flux with e M in Fig.5a and the half flux with e M /2 in Fig.5b and then no net flux in Fig.5c , corresponding to Θ(π, η) = π, π/2 and 0, respectively, in (17).
On the other hand, Gauss' theorem (21) shows a smooth transition among distinct topologies specified by Θ(π, η) = π, π/2 and 0, respectively. Our smoothness argument of topology change in the monopolelike potential is based on the Gauss theorem as already stated, but we use the arguments of Dirac [1] and Wu and Yang [2] to distinguish different configurations, which are standards in the analysis of the ordinary Dirac monopole. Namely, if the Dirac string is not observable in the quantum mechanical sense when coupled to the electron, then we ignore it physically and identify a monopole. This unobservability critically depends on the product of the electric charge of the electron and the magnetic charge of the monopolelike object and leads to the quantization of the electric charge [1, 2] , as will be discussed shortly. Thus if the magnetic flux carried by the Dirac string satisfies the unobservability condition, we regard the monopolelike object as a physical monopole, and otherwise no physical monopole, namely, we regard a combination of the monopolelike object accompanied by the string as a physical entity.
We start with an analysis of the configuration with η = r/a > 1 such as in Fig.5a . The argument of Wu and Yang is to consider the singularity-free potentials in the upper and lower hemispheres
using the potential in (1). These two potentials are related by a gauge transformation
The physical condition to be satisfied, which is related to the gauge invariance of the Aharonov-Bohm phase [8] , is
This is satisfied if the condition exp[iee M /c ] = 1 is satisfied by the gauge transformation (32), namely,
with an integer n. It is confirmed that the present argument of gauge transformation is equivalent to the evaluation of the phase change induced by the Dirac string [2] , and (34) is the conventional quantization condition of Dirac [1] . (This electric charge quantization does not appear in Berry's phase where the magnetic charge by itself is quantized [3] .) In contrast, for the transitional domain η = r/a = 1 such as in Fig.5b we have two potentials from (12)
which are well-defined in the upper and lower hemispheres, respectively, and are related by the gauge transformation using the condition (34). For an even integer n we can satisfy this condition, and thus we have a "half-monopole" with the magnetic charge e M /2 as a physical monopole in Fig.5b . On the other hand, for an odd integer n in (34), we have
This shows that the Dirac string associated with the half-monopole at the transitional domain η = 1 with the magnetic charge e M /2 is physically observable for odd n 1 ; the half-monopole is thus physical as a combination of the monopolelike object, which generates the outgoing flux, and a Dirac string , although the Dirac string in the present case is actually defined only at the point r = a. Topologically, it is the same as the dipole for η < 1 in Fig.5c for odd n.
The smooth topology change from a monopole to a dipole is a novel mechanism of topology change found in [3] , which is also incorporated in the present model. The idea of the Dirac string plays a central role in this mechanism. We thus repeat the basic idea of the mechanism. From the point of view of the Gauss' theorem (21), all the configurations of our monopolelike object are topologically the dipole as is seen in Fig.4 ; the monopole is identified only when the Dirac string satisfies the Wu-Yang gauge invariance condition, or equivalently Dirac's quantization condition, and thus becomes unobservable. Namely, the dipole which consists of the outgoing flux and the Dirac string has a trivial topology from the point of view of Gauss' theorem. But if one eliminates the Dirac string from the physical state space following the well known analysis of Dirac, the dipole is now identified as a monopole. Mathematically, the transition from a monopole to a dipole when one approaches the monopole position as from Fig.5a to Fig.5c is nothing but the transition from a dipole to a dipole and thus the transition is smooth. This is the mechanism of the smooth topology change of the monopole to a dipole. To realize the above idea, it is crucial to have a finite gap (for a = 0) between the geometrical center of the monopolelike configuration and the origin of the Dirac string. We show a schematic figure of the ordinary Dirac monopole located at the origin in Fig.6 . The Dirac string, which satisfies the Dirac quantization condition, is stretching from the origin r = 0 to infinity. Thus there is no gap between the geometrical center and the origin of the Dirac string and, consequently, no topology change from a monopole to a dipole takes place. From Fig.4 and Fig.6 , one sees a clear difference between the proposed monopolelike object and the ordinary Dirac monopole.
Discussion and conclusion
We have encountered an interesting monopolelike object in the parameter space in the analysis of an exactly solvable model of Berry's phase [3] . We here presented a translation of the monopolelike object in the parameter space to the monopolelike object in the ordinary space with a scale parameter a replacing the period parameter r θ To be explicit, we comment on the limiting forms of the proposed magnetic monopolelike object. In the limit r → ∞ with finite a (or a → 0 with fixed r),
and the parameter α(θ, η) → 0 in (3). Our monopole then gives
namely, one recovers the static Dirac monopole potential. In contrast, in the limit r → 0 with finite a (or a → ∞ with fixed r),
and then the parameter Θ(θ, η) = θ − α(θ, η) → 0 using (8) . The monopolelike potential thus becomes trivial
Namely, our magnetic potential is smoothly connected to a trivial value for a continuous variation of r → 0 with fixed finite a. We have a useful relation in the domain r ≪ a ( i.e., η ≪ 1) using (8),
that has no singularity associated with the Dirac string at θ = π. Both the conventional Dirac monopole and the present monopolelike object are essentially the dipole in the sense that the outgoing magnetic flux is compensated for by an incoming flux through a Dirac string. As Dirac pointed out, the Dirac string is quantum mechanically unobservable if the suitable charge quantization condition is satisfied [1] . The difference between the two monopoles is that the Dirac string originates from the origin of the coordinates in the conventional Dirac monopole as in Fig.6 and thus looks like a genuine monopole if the Dirac string is excluded from the space of physical states. In contrast, the monopolelike object we discussed is more like a dipole since the Dirac string originates from a point away from the origin of the coordinates (for a = 0) as in Fig.4 . Nevertheless, if one eliminates the Dirac string from the space of physical states in our monopolelike object by imposing Dirac's quantization condition, we have an object similar to the conventional Dirac monopole when seen from far away. Moreover, we can explain the quantization of the electric charge in our monopolelike object also, although no pointlike monopole exists for a = 0.
It is customary to mention the monopolelike object appearing in adiabatic Berry's phase [6] . We here discussed the other way around, namely, the possible implications of Berry's phase on the magnetic monopole itself with a novel mechanism of smooth topology change from a monopole to a dipole. It is hoped that the present analysis will stimulate the further analyses of the interesting subject of the Dirac magnetic monopole.
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